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Abstract

We examine a production-based asset pricing model with regime-switching
productivity growth, learning, and ambiguity.

Both the mean and volatility of the growth rate of productivity are assumed
to follow a Markov chain with an unobservable state. The agent’s preferences
are characterized by the generalized recursive smooth ambiguity utility
function.

Our calibrated benchmark model with modest risk aversion can match
moments of the variance risk premium in the data and reconcile empirical
relations between the riskneutral variance and macroeconomic quantities and
their respective volatilities.

We show that the interplay between productivity volatility risk and ambiguity
aversion is important for pricing variance risk in returns.
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2. Empirical Analysis

2.1. Risk-Neutral Variance and Variance Risk Premium

» Variance risk premium:

VRP: = Var?[rm] — Vari[ri1],

Risk-neutral variance:

AXT rT

VIX; = Z

T : time to maturity.
X; : the strike price of the ith out-of-the-money option.

r; T: the London Interbank Offered Rate (LIBOR) rate for maturity T.

Q(Xi, T) : the midpoint of bid and ask prices for an option with maturity T and strike X;.
F : the forward index level derived from the put-call parity using index option prices.
X, : the first strike below F.

L
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Objective variance:

First: computethe sum of squared daily log returns of the quarter leading up
to time t.

T
RVf — Z rrz_}
j=0

Then: regress RV,,, on its on its own lag, RV,, and lagged risk-neutral
variance, VIX? , and use the fitted value as the conditional variance under
the physical measure, denoted as VOL? .

» Variance risk premiums:

VRP; = VIX? — VOL2
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2.2. Markov-Switching Models and the VAR Analysis

We empirically examine

1. the link between time-varying volatility of productivity growth and the risk-
neutral variance,

2. financial uncertainty has negative impacts on aggregate guantities.

We assume that productivity growth follows a Markov-switching (MS) process
Aﬂf‘ - .[u(sf) + G(sf)Ef‘f € ~ N(Df 1)! (1)
Aa, : the productivity growth rate, Aa, = In(A/A._,), A s the productivity level.

s, : determines the regime of the conditional mean and volatility of the growth rate,
evolves according to a Markov chain.
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We denote by P the transition matrix of the Markov chain and =, the posterior belief
vector about the next period’s states. The transition probability p; in matrix P is defined
as p;= Pr(s; =] Is., =1). Given the prior belief vector r;, and according to Bayes’rule,

the posterior belief 7, is given by

-1 Of,
lf(ﬂ:f—l Of r)

T —

f. - a vector of conditional Gaussian likelihood functions for x(s,) and a(s,)

©: element-wise multiplication, and 1 is a vector of ones.
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Table 1. Parameter Estimates of the Markov-Switching Model

Panel A: Two-regime Markov-switching model

H1 L2 01 02 P11 P22

~0.989 1.026 3.726 1.007 0.753 0.977
(0.100) (0.112) (1.320) (0.140) (0.003) (0.037)

Panel B: Three-regime Markov-switching model

L1 L2 13 01 ag> 0000 03

~0.610 0.821 1.967 3.674 1.021 0.597
(0.004) (0.035) (0.001) (0.006) (0.001) (0.030)

P11 P13 P21 P22 P31 P33

0.670 0.324 0.018 0.952 0.085 0.645

(0.004) (0.004) (0.037) (0.037) (0.007) (0.007)

Panel C: Model selection

LL BIC

Two-regime MS 1,040.242 -2,046.632
Three-regime MS 1,047.968 -2,028.233

We use macroeconomic data to
construct Solow residuals and
quarterly productivity growth
rates.

The sample period : Q1 1947 to
Q1 2016.

We estimate two-regime, three-
regime, and four-regime MS
models using the expectation
maximization algorithm
developed by Hamilton (1990).
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Does an increase in the conditional volatility of productivity growth lead to more

financial uncertainty as proxied by the risk-neutral variance, which subsequently
causes declines in the macroeconomic quantities and equity valuation?
> TGk
Bayesian approach developed by Sims and Zha (1998) to estimate the VAR model.
> BHERIE:
a. Macroeconomic data : National Income and Product Accounts.
b. Consumption and investment data are deflated by the corresponding deflators.
c. The price dividend ratio data are constructed from value weighted index returns

that include and exclude distributions.

d. Stock returns data are drawn from the Center for Research in Security Prices.

> FEAH:
Q1 1990 to Q1 2016

shanxi universiey



Figure 1. (Color online) VAR Impulse Responses: Historical Data
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3. The Model
3.1. Preferences

» We assume that the representative agent cannot observe state s, in the Markov-
switching model (1) but can learn about it through observing past realizations of
productivity growth.

The representative agent has generalized recursive smooth ambiguity preferences:

1= NS\
Vi = (1 _5)ur ' +ﬁ(Em[(E{5t+1J}[Vr+1} ) ]) ] ’
U, = C(1 - Ny, (3)

U, : felicity function.

v . leisure preference.

f . the subjective discount factor, p& (0, 1)

@ - the elasticity of intertemporal substitution (EIS), ¥ = (1 — (1 + v)(1 — 1/y))!

n . the degree of ambiguity aversion, For the utility function (3), the agent is ambiguity
averse if and only 1f n>y.

(y — 1)+ 1/(1 + v): degree of relative risk aversion .
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Expressed differently from recursive preferences with ambiguity neutrality, the
certainty equivalent of smooth ambiguity utility is defined as

Ri(Vis1) = (Em “E{sfmf} {stfj‘) ]]_]FDTLF (4)

E{s...,t}[ 1 denotes the expectation conditional on the history up to time t and a
probability distribution of productivity growth given state s, .

For comparison, the certainty equivalent under ambiguity neutrality is based on
the predictive distribution of Aa,+1 and expressed as

1
1-y

Ri(Vin) = (Ef{V}ED

] (f Vit POl d(Aaran)|

predictive density: p(Aay,,|z,) =7,Of.,;.

The key property of the smooth ambiguity model is that it distinguishes ambiguity from

ambiguity aversion.
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3.2. Equilibrium Characterization

» Aggregate output (,) is produced according to a standard constant-returns-to-scale,
Cobb-Douglas production function:

Y = K*(AN)™, a €(0,1),

a is the capital share, and K, denotes the capital stock.

« The law of motion for capital accumulation is:
L
Kiii =(1-0)K; + ¢ K, K, (5)

« adjustment cost function:
If (5] Iit 1-1/¢
Ol—| =a; + - , a2 >0, &>
“(K#) ! 1—1/5(1() 2>0, ¢>0

¢ is the elasticity of the investment rate to Tobin’s g, and the parameters a, and a, are
chosen such that there is no adjustment cost in the steady state
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3.3. Asset Prices

Stochastic discount factor (SDF) for the generalized recursive smooth ambiguity utility :
Ct+1)_%(1 - Nm)(l—%)v ( Vi )%—r

Ci 1-N; Ri(Vis1)

[

Mt,t+1 = 13(

1—y
(E{Smrf} [VHl]
Ri(Vin)

X

The risk-free rate, Ry, is the reciprocal of the expectation of the pricing kernel:

1

R, =
& B[ M 441
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Following standard g-theory arguments, Tobin’s q is expressed as

In RBC models, the firm’s payout in period t is expressed as
D: = Y# - TU;N; - It = IiIYt - Itr
w, :the equilibrium wage, w, = dY/ON, = (1 — ®)A*K“N, .

The return on capital (investment) is:

1 It aYi1 — I
RK =_ 1—06x + (5( )‘ + }
tl fqt {qtﬂl £ Kin Ky
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In particular, we specify the dividend growth process as containing a component
proportional to consumption growth and an independent component.

D
grl) = AACt1 + Qa +04€aps1,  (6)

t

Adyq = ]n(

for which ¢, ¢4 Is an i.1.d. standard, normal random variable that is independent of
all other shocks in the model. The parameter A can be interpreted as the leverage
ratio on expected consumption growth. The parameters g, and o, are calibrated to
match the first and second moments of dividend growth in the data.

Stock returns, R;.,, are defined as

Pf+1 + Df+1 — 1 +Pt+1 /Df+1 Df+1
P P/ Dy D;

and satisfy the Euler equation:

Ry =

E¢|M;141Ri41| = 1.

YL
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To solve for the price-dividend ratio, we rewrite the
Euler equation as

P
_t —_ ]Ef |:Mf,f+1 (1 -+ PH_l ) DH_]-‘ .

D; Diw1) Dy
Using the state variables to express the price-dividend
P ~
ratio and setting Bt = &(K;, m;), the Euler equation
t

becomes

(S(j-(h Tft) = Et[Mt,Hl (1 + cf(f(tﬂ: Tft)) Exp(ﬁﬂ'm)] s

iz~ BMuya R ] (EMyuiRea ]|
P - ;
(M t41] Ei[M;t41]

VOL} = Ey[R},, | = (Bi[Res1]).

VRP, = VIX? - VOL?,
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4. Calibration
4.1. Parameter Choice

Table 2. Benchmark Parameter Choices

Parameter Description Value
B Subjective discount factor 0.9975
y Risk aversion 5

U EIS 2.5

1 Ambiguity aversion 55

v Leisure preference 2

(o Capital share 0.36

O Depreciation rate 0.02

£ Adjustment cost parameter 6.5

A Leverage 2.75
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4.2 Impulse Responses

Figure 2. (Color online) Impulse Responses for Filtered Probabilities and Conditional Mean and Volatility of Productivity
Growth: Model AA3S
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Figure 3. (Color online) Impulse Responses for Quantities and Financial Market Variables: Model AA3S
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Figure 4. (Color online) VAR Impulse Responses: Simulated Data and Historical Data
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Table 3. Calibration Results: Models with the
Three-Regime MS Process

Data  AA3S  AA3S  EZ3S  EZ3S
Panel A: Macroeconomic moments
aac (%) 1.06 0.96 0.93 0.92 0.96
aai (%) 4.87 4.20 3.09 413 4.28
T Ay (%) 2.56 1.85 1.51 1.84 1.86
p(f}.i, f}.y) 0.71 0.95 0.94 0.96 0.95
p(ﬂ.ﬁ, f}.y) 0.46 0.69 0.73 0.74 0.67
p(Ac, Ai) 0.42 0.45 0.46 0.53 0.42
p(ﬂ.ﬁf, Acyi1) 0.29 0.19 0.13 0.20 0.19
Panel B: Financial moments

E[Rf] -1 (%) 1.04 1.74 1.93 1.96 1.80
a(Ry) (%) 0.78 0.22 0.19 0.20 0.23
E(R - Ry) (%) 6.23 5.67 2.68 1.38 3.29
(R = Ry) (%) 1526 1739 16.11 1415  15.95
E(VRP) 11.08 14.56 0.26 1.06 5.19
ad(VRP) 23.62 13.34 0.39 2.35 8.17
Skewness (VRP) 2.33 3.36 0.62 5.89 4.62
Kurtosis (VRP) 10.23 15.23 11.22 4455 26.88

a(M)/E(M) na. 0.54 0.27

XREREY, EAANE
B B A BB LB 09 R
BAR 7 ERNE T2
EAHE, BT AA R
SHRTHRZORFTRENS
EZN T, o, HUREMR
T RSP HEE, K3
EmkiEH ERNE, F,

w7 2 EARA P K
KA Ko

HEMEN, pHETAExE
B A SRR BN A T £ e
BN ERKFrR. KE R
A (AA3SAZAA3S) &= 4R
B RE RN EREAR,

123X 7 AP AL A 6 ok 3 R e
ENMEERRE. §TEA

AA3SHR = B L 69 & = 1 8 F,
b 34 SDF A= &7 3R % 5 49 AR
ERE, B, EEXAER
LN CT R O B R e ) bl d
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Figure 5. (Color online) Conditional Moments
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Figure 6. (Color online) The Term Structure of Implied Volatility
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Table 4. The Term Structure of Implied Volatility

1-Quarter 2-Quarter 3-Quarter 4-Quarter
Panel A: Model AA3S
Constant 0.0588 [0.0212 0.0123 —~0.0028]
t-stat (8.4232) (2.6178) (1.7177) __ (=0.3960)
B 0.7348 10.9944 0.9925 1.0560 |
t-stat (19.7565)  (22.0294)  (26.3220)  (29.4380)
t-stat (B=1)  (=7.1314)  (=0.1247)  (=0.1977) (1.5632)
R? 0.9605 —8.9680—0.9774> 09819
Panel B: Model AA3S
Constant |-2.7353 ~1.6405 ~1.4029 ~1.2749|
t-stat (-16.8194)  (-21.9056)  (-47.0844)  (=51.6707)
B 120.2405 12.8948 11.0568 10.0689 |
t-stat (18.0060)  (245334)  (53.7508)  (59.7674)
tstat (B=1)  (17.1164)  (22.6308)  (48.8894)  (53.8315)
R? 0.9528 0.9741 0.9945 0.9955

Panel C: Model EZ3S

Constant —0.3545 ~0.5530 —0.5855 —0.6549
t-stat (-11.7199)  (<14.1903) (-13.0367)  (-11.3762)
B 4.1682 5.8270 5.9904 6.4843
t-stat (18.1259)  (19.2514)  (17.4674)  (14.8510)
t-stat (B=1)  (13.7773)  (159476)  (14.5515)  (12.5606)
R2 0.9534 0.9585 0.9500 0.9321
Panel D: Model EZ3S
Constant —0.0389 —0.1148 —0.1228 ~0.1351
t-stat (—2.6843)  (=5.8794)  (=5.9739)  (=6.0245)
B 1.5497 2.1593 2.1703 22362
t-stat (16.1418)  (16.0340)  (15.7078)  (14.9879)
t-stat (B=1) (5.7255) (8.6085) (8.4701) (8.2854)
R2 0.9419 0.9412 0.9389 0.9332
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Figure 7. (Color online) Cross-Correlations with Quantities and Equity Return C(j;rr(\fari‘J [Risq], xisx) fork=—-6to 6
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Figure 8. (Color online) Cross-Correlations with Volatilities of Quantities and Equity Return Corr(VIXF, 0xs4) for k= —6 to 6,
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Limitations and Future Research

Our model is successful in matching the risk-neutral variance, the VRP,

the term structure of variance risk, and other empirical regularities.

» Limitations: The time variation in the conditional mean or volatility
of productivity growth can only partially explain the variation in the

historical VIX? and VRP.

» Future research could explore the variance risk premium in
production economies along potentially fruitful avenues such as

labor market frictions, irreversible investment , parameter learning,

Oor macroeconomic announcements.
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Conclusion

>

We have studied a production-based asset pricing model with regime-
switching productivity growth, learning, and ambiguity. Compare it

with alternative models .

Our benchmark model with modest risk aversion can match both
macroeconomic and financial moments well. It is important to note
that, the model generates moments of the variance risk premium

close to the data.

The interplay between productivity volatility risk and ambiguity
aversion is important in explaining these stylized facts and pricing

variance risk in returns.
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